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ON CERTAIN q-TRIGONOMETRIC IDENTITIES
BING HE
Abstract. Finding theta function (or q-)analogues for well-known trigono-
metric identities is an interesting topic. In this paper, we first introduce the
definition of q-analogues for tanz and cotz and then apply the theory of elliptic
functions to establish a theta function identity. From this identity we deduce
two q-trigonometric identities involving tanqz and cotq z, which are theta func-
tion analogues for two well-known trigonometric identities concerning tanz and
cot z. Some other q-trigonometric identities are also given.
1. Introduction
To carry out our study, we need the definition of Jacobi’s theta functions [4, 11,
15]:
θ1(z|τ) = −iq
1
4
∞∑
k=−∞
(−1)kqk(k+1)e(2k+1)zi, θ3(z|τ) =
∞∑
k=−∞
qk
2
e2kzi,
θ2(z|τ) = q
1
4
∞∑
k=−∞
qk(k+1)e(2k+1)zi, θ4(z|τ) =
∞∑
k=−∞
(−1)kqk
2
e2kzi,
where q = exp(piiτ) and Im τ > 0.
Throughout this paper, we use the notation ϑj(τ) to denote θj(0|τ) for j = 2, 3, 4.
The Jacobi infinite product expressions for the theta functions are well-known:
θ1(z|τ) = 2q
1
4 sin z(q2; q2)∞(q
2e2zi; q2)∞(q
2e−2zi; q2)∞,
θ2(z|τ) = 2q
1
4 cos z(q2; q2)∞(−q
2e2zi; q2)∞(−q
2e−2zi; q2)∞,
θ3(z|τ) = (q
2; q2)∞(−qe
2zi; q2)∞(−qe
−2zi; q2)∞,
θ4(z|τ) = (q
2; q2)∞(qe
2zi; q2)∞(qe
−2zi; q2)∞,
where (z; q)∞ is the q-shifted factorial given by
(z; q)∞ =
∏
n≥0
(1 − zqn).
With respect to the (quasi) periods pi and piτ, we have
(1.1)
θ1(z + pi|τ) = −θ1(z|τ), θ1(z + piτ |τ) = −q
−1e−2ziθ1(z|τ),
θ2(z + pi|τ) = −θ2(z|τ), θ2(z + piτ |τ) = q
−1e−2ziθ2(z|τ),
θ3(z + pi|τ) = θ3(z|τ), θ3(z + piτ |τ) = q
−1e−2ziθ3(z|τ),
θ4(z + pi|τ) = θ4(z|τ), θ4(z + piτ |τ) = −q
−1e−2ziθ4(z|τ).
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For the half period piτ/2, we also have
(1.2)
θ1
(
z +
piτ
2
∣∣∣∣τ
)
= iBθ4(z|τ), θ2
(
z +
piτ
2
∣∣∣∣τ
)
= Bθ3(z|τ),
θ3
(
z +
piτ
2
∣∣∣∣τ
)
= Bθ2(z|τ), θ4
(
z +
piτ
2
∣∣∣∣τ
)
= iBθ1(z|τ),
where B = q−1/4e−iz.
In [5] Gosper introduced q-analogues of sin z and cos z :
sinq(piz) :=
(q2−2z ; q2)∞(q
2z ; q2)∞
(q; q2)2∞
q(z−1/2)
2
,
cosq(piz) :=
(q1−2z; q2)∞(q
1+2z ; q2)∞
(q; q2)2∞
qz
2
,
and gave two relations between sinq, cosq and the functions θ1 and θ2, which are
equivalent to
sinq z =
θ1(z|τ
′)
ϑ2(τ ′)
, cosq z =
θ2(z|τ
′)
ϑ2(τ ′)
,
where τ ′ = − 1τ . It is easily seen that cosq z = sinq(
pi
2 ± z). In that paper, using
empirical evidence based on a computer program called MACSYMA, Gosper con-
jectured without proofs various identities involving sinq z and cosq z. Some of these
conjectures were confirmed by different authors [1, 2, 3, 12].
We now define the q-analogues for tanz and cotz :
tanq(piz) :=
sinq(piz)
cosq(piz)
=
(q2−2z ; q2)∞(q
2z ; q2)∞
(q1−2z ; q2)∞(q1+2z ; q2)∞
q1/4−z
and
cotq(piz) :=
cosq(piz)
sinq(piz)
=
(q1−2z ; q2)∞(q
1+2z; q2)∞
(q2−2z ; q2)∞(q2z; q2)∞
qz−1/4.
Then
(1.3) tanqz =
θ1(z|τ
′)
θ2(z|τ ′)
and
cotqz =
θ2(z|τ
′)
θ1(z|τ ′)
.
Trigonometric identities is a very importan topic. Two well-known trigonometric
identity are as follows [16]: if x+ y + z = pi, then
tanx+ tany + tanz = tanxtanytanz,(1.4)
cotxcoty + cotycotz + cotzcotx = 1.(1.5)
Finding theta function analogues for the trigonometric identities (1.4) and (1.5) is
also interesting. Our motivation for the present work emanates from [5]. In this
paper we shall establish the following q-trigonometric identities.
Theorem 1.1. If x+ y + z = pi, then
(1.6)
ccsq(x− y)tanq2x+ ccsq(x− y)tanq2y + ssnq(x − y)tanqz
= ssnq(x− y)tanq2xtanq2ytanqz,
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and
(1.7)
ssnq(x−y)cotq2xcotq2y+ccsq(x−y)cotq2ycotqz+ccsq(x−y)cotqzcotq2x = ssnq(x−y),
where ccsqz and ssnqz are also q-trigonometric functions given by
ccsqz :=
cosq2 z
cosq z
, ssnqz :=
sin q2z
sinq z
.
Setting q → 1 in (1.6) and (1.7) and noting that
lim
q→1
{
tanqz, ssnqz, ccsqz
}
=
{
tanz, 1, 1
}
,
we can easily obtain (1.4) and (1.5) respectively.
We replace (x, y, z) by (pi/2− x, pi/2 − y, pi/2− z) in (1.6) and (1.7) to get
Corollary 1.1. If x+ y + z = pi/2, then
ccsq(x − y)cotq2x+ ccsq(x − y)cotq2y + ssnq(x− y)cotqz
= ssnq(x− y)cotq2xcotq2ycotqz
and
ssnq(x− y)tanq2xtanq2y + ccsq(x− y)tanq2ytanqz + ccsq(x − y)tanqztanq2x = 1.
These identities are q-analogues of the trigonometric identities: if x+y+z = pi/2,
then
cotx+ coty + cotz = cotxcotycotz,
tanxtany + tanytanz + tanztanx = 1.
In order to prove Theorem 1.1 we need to establish the following theta function
identity by employing the theory of elliptic functions. For more information dealing
with formulas of theta functions by using elliptic functions, please, see Liu [7, 8, 9,
10] and Shen [13, 14].
Theorem 1.2. For all complex numbers x and y, we have
(1.8)
θ2(x+ y|2τ)θ3(x− y|2τ)(θ1(x|τ)θ2(y|τ) + θ1(y|τ)θ2(x|τ))
= θ1(x+ y|2τ)θ4(x− y|2τ)(θ2(x|τ)θ2(y|τ) − θ1(x|τ)θ1(y|τ)).
In the next section we first provide our proof of Theorem 1.2 and then prove
Theorems 1.1 by using Theorem 1.2.
2. Proof of Theorems 1.1 and 1.2
Proof of Theorem 1.2. Let
F (x) = f(x)/g(x),
where
f(x) = θ1(x+ y|2τ)θ4(x− y|2τ)θ2(x|τ)θ2(y|τ)
− θ2(x+ y|2τ)θ3(x − y|2τ)(θ1(x|τ)θ2(y|τ) + θ1(y|τ)θ2(x|τ))
and
g(x) = θ1(x+ y|2τ)θ4(x− y|2τ)θ1(x|τ)θ1(y|τ).
It is easily deduced from (1.1) that the entire functions f and g satisfy the functional
equations:
h(x) = h(x+ pi) = q8e8ixh(x+ 2piτ).
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We have F (x) = F (x+ pi) = F (x+2piτ). This means that F is an elliptic function
with periods pi and 2piτ.
We temporarily assume that 0 < y < pi. In the fundamental period parallelogram
Λ = {api+2bpiτ |0 ≤ a, b < 1}, the function g(x) has only four zeros 0, piτ, pi−y, y+piτ
and all of them are simple. It is easily seen that
f(pi − y) = f(y + piτ) = 0.
It follows from the Jacobi infinite product expressions that
2θ2(z|2τ)θ3(z|2τ) = ϑ2(τ)θ2(z|τ),
2θ1(z|2τ)θ4(z|2τ) = ϑ2(τ)θ1(z|τ).
Then, by (1.1) and (1.2),
f(0) = ϑ2(τ)(θ1(y|2τ)θ4(y|2τ)θ2(y|τ)− θ2(y|2τ)θ3(y|2τ)θ1(y|τ)) = 0
and
f(piτ) = q−2ϑ2(τ)(θ2(y|τ)θ1(y|2τ)θ4(y|2τ)− θ1(y|τ)θ2(y|2τ)θ3(y|2τ)) = 0.
Therefore, the points 0, piτ, pi − y, y+ piτ are also zeros of the function f(x) and so
the function F (x) has no pole in Λ. Namely, F (x) is an entire function of x and then
F (x) is a constant (independent of x). Set F = C(y). Namely, f(x) = C(y)g(x).
By analytic continuation, this identity also holds for any complex number y. That
is, F = C(y) holds for any complex number y. Interchanging the role of x and y
in this identity and noticing that F is symmetric in x and y we can get F = C(x).
This means that F is a constant independent of x and y, say, C. Namely, F = C.
Putting x = y = pi/4 in this identity and noticing that θ1(pi/4|τ) = θ2(pi/4|τ) we
can obtain C = 1 and then (1.8) follows. This completes the proof of Theorem
1.2. 
Proof of Theorem 1.1. We first prove (1.6). According to [6, (8.7) and (8.8)] we
have
(2.1) ssnqz =
θ4(z|τ
′)
ϑ3(τ ′)
, ccsqz =
θ3(z|τ
′)
ϑ3(τ ′)
.
Replacing τ by τ ′/2 in (1.8), dividing both sides of the resulting identity by
ϑ3(τ
′)θ2(x|τ
′/2)θ2(y|τ
′/2)θ2(x+ y|τ
′) and then employing (1.3) and (2.1) we get
ccsq(x− y)tanq2x+ ccsq(x − y)tanq2y − ssnq(x− y)tanq(x+ y)
= −ssnq(x− y)tanq2xtanq2ytanq(x + y).
Then (1.6) follows readily by substituting x+ y = pi − z into this identity.
The identity (1.7) follows easily by dividing both sides of (1.6) by tanq2xtanq2y
·tanqz. 
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